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ON LINEAR REPRESENTATIONS OF SOME EXTENSIONS
V. G. BARDAKOV, O. V. BRYUKHANOV
Abstrat. Yu. I. Merzljakov developed a method of splittable oordi-
nates whih helps to verify the linearity of some groups, he established
some fundamental results using this method.
In this paper we use the method of splittable oordinates and find some
suffiient ondition under whih the semidiret produt of two linear
groups is linear. As onsequene we get linearity of some HNN-extensions
of a free group, linearity of the holomorph of the braid group Bn, n ≥ 2,
and free group F2 and linearity of some Artin groups. In all ases we
onstrut faithful linear representations in the expliit form.
AMS Classifiation: 20F28; 20F36.
Keywords: linear group, faithful linear representation, HNNextension,
semidiret produt.
A. I. Malev [1℄ formulated the problem of haraterization of abstrat groups whih
has faithful linear representation over some field (we will said that these groups are
linear groups). A. I. Malev found the neessary and suffiient onditions under whih
the abelian group has a faithful linear representation. It is known some results on
linear representations of nilpotent, polyyli, solvable and some other groups (see the
survey of Yu. I. Merzljakov [2℄). A. Lubotzky [3℄ found a haraterization of abstrat
groups whih has faithful linear representation over field of omplex numbers C. But
this result is hard to use for the onrete groups.
Another diretion of investigation is the following problem: if a group G is onstru-
ted from linear groups with the help of some group onstrution (free produt, free
produt with amalgamation, extension, HNNextension, wreath produt and so on),
then for whih onditions group G is linear? In this diretion V. L. Nisnevi [4℄ proved
that a free produt of two linear groups is a linear group. B. A. F. Wehrfritz [5℄
found some suffiient onditions under whih a free produt with amalgamation of
linear groups is a linear group. Yu. E. Vapne [6℄ studied a wreath produt of linear
groups. Also he proved suffiient onditions of linearity of some nilpotent produt [7℄.
O. V. Bryukhanov [8℄ found the neessary and suffiient onditions under whih the
nilpotent produt A(n)B, n ≥ 2, of finitely generated linear groups A and B has a
faithful linear representation over fields of zero and positive harateristis.
But the question of existene of faithful linear representations for group extensions
and HNNextensions is still open. We have few results in this area. In partiular, it is
not known is it true that a semidiret produt of two finitely generated linear groups
is linear. R. T. Volvahev [9℄ solved the question about faithful linear representations
of HNNextensions a yli group. By wellknown result of A. I. Malev [1℄ every
semidiret produt of residually finite groups is residually finite. On the other hand it
1
is known that an extension of a linear group by a linear group an be non-linear. As an
example we an onsider a finitely generated free solvable group of lass 3. This group
is not linear but is the extension of free metabelian group of infinite rank by finitely
generated abelian group.
Yu. I. Merzljakov [10℄, [11℄ developed a method (the method of splittable oordi-
nates) whih helps to prove linearity of some groups. Yu. I. Merzljakov established
some fundamental results using this method.
In this paper, we will use the method of splittable oordinates and find some suf-
fiient ondition under whih the semidiret produt of two linear groups is linear
(see Theorem 1). Also we establish linearity of Hol(Bn), n ≥ 3 and Hol(F2) over field
of harateristi zero from these follows linearity over field of harateristi zero any
splittable extension of braid group Bn, n ≥ 3, and free group F2 by linear group.
In Setion 2 we onsider HNNextensions
Fϕ(X) = 〈X, t || t
−1xt = ϕ(t), x ∈ X〉
of a free group F (X) with a virtually inner automorphism ϕ of F (X) (reall that an
automorphism ϕ is alled virtually inner if ϕm is inner automorphism of F (X) for some
positive integer m). Note that these groups are studied in the papers [12℄, [13℄. We will
onstrut a faithful linear representation of Fϕ(X) (see Theorem 2). Also we will find
the enter of Fϕ(X).
In the last Setion we study 2-generated Artin groups and onstrut a faithful linear
representations over ring of rational frations Qp with denominators equal to powers of
prime number p. C. C. Squier [14℄ established the linearity of 2-generated Artin groups
but he onstruted representation over field with transendental (over Q) numbers.
A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on the first draft of this paper. Speial thanks goes to the partiipants of the seminar
Evariste Galois at Novosibirsk State University for their kind attention to our work.
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 1. Method of splittable oordinates
We remind that some homomorphism ρ : G −→ GLn(K) of group G into general
linear group GLn(K) over field K is alled the linear representation. This representa-
tion ρ is alled faithful if the kernel Ker(ρ) is trivial. A group is alled linear if it has
some faithful linear representation. Yu. I. Merzljakov [10℄, [11℄ developed a method (the
method of splittable oordinates) whih helps to prove linearity of some groups. The
heart of this method is to assign a faithful ation of group on finite dimension vetor
spae of algebra of funtions from group G to field K. Let A(G,K) be the algebra of
all Kvaluable funtions on G. If f ∈ A(G,K), x ∈ G then we define the ation of x
by the rule
fx(y) = f(xy), y ∈ G.
Sine f gh = (f g)h and f e = f , where e is the unit of G, g, h ∈ G then we get the ation
of G on the algebra A(G,K).
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We will all any subset of funtions {ti} ⊆ A(G,K), i ∈ I, K-valuable oordinates
on G, if for any x ∈ G \ {e} there is tj ∈ {ti} suh that tj(x) 6= tj(e). We will say that
the Kvaluable oordinates t1, . . . , td on G, are splittable oordinates if the following
equality are true:
tα(xy) =
l∑
β=1
fαβ(x)hβ(y), x, y ∈ G, 1 ≤ α ≤ d,
where fαβ, hβ are some Kvaluable funtions on G.
In the ase when the Kvaluable splittable oordinates t1, . . . , td are defined on G
we an see that a vetor spae V generated by Gorbit of the set of oordinate funtions
{tα} has finite dimension beause it lies in linear Kenvelope of the finite set {hβ}.
Let v1, . . . , vn be a basis of V over K. Then for every x ∈ G we have
vxi =
n∑
j=1
ρij(x)vj , ρij(x) ∈ K.
The linear representation ρ whih is defined by the rule x 7→ (ρij(x)), x ∈ G is
faithful. Namely, if the idential linear transformation of V orresponding to some
element x from G then txα = tα, where 1 ≤ α ≤ d. In this ase tα(x) = t
x
α(e) = tα(e)
if 1 ≤ α ≤ d and hene x = e. The following lemma desribes some properties of this
representation (see [10℄, [11℄).
Lemma 1 (on splittable oordinates). Let K be a field and G be a group with
Kvaluable oordinates t1, . . . , td and
tα(xy) =
l∑
β=1
fαβ(x)hβ(y), x, y ∈ G, 1 ≤ α ≤ d,
where fαβ , hβ are funtions with the values in K. There exists the isomorphism ρ :
G→ GLn(K) suh that: 1) ρ
−1
is linear on Gρ, 2) if the funtion fαβ is polynomial on
G (in oordinates tα) and hβ is polynomial on subset G1 ⊂ G then ρ is polynomial on
G1.
We will say that the map f : X × Y 7→ Matn(K) is splittable over K of length l if
for all its omponents fij the following equality are true
fij(x, y) =
l∑
ν=1
ϕνij(x)ψνij(y), x ∈ X, y ∈ Y, 1 ≤ i, j ≤ n,
where ϕνij, ψνij are the funtions with the values in K. This yields that the oordinates
{tα} are splittable if the funtions (x, y) 7−→ tα(xy) are splittable.
The following statement was formulated in [11℄ as an exerise. We give the proof
of this statement.
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Lemma 2. Let G be an extension of a group A by a group B with the fators
f(x, y) ∈ A, x, y ∈ B, and automorphisms xˆ ∈ Aut(A), x ∈ B. If A and B are linear
over the field K and the maps
(x, y) 7→ f(x, y), (a, x) 7→ axˆ
are splittable then the group G is linear over K.
Proof. Sine G is an extension of A by B then for every g ∈ G there exists a single
pair (b, a), b ∈ B, a ∈ A and the produt of these pairs is defined by
g1g2 = (b1, a1) · (b2, a2) = (b1b2, f(b1, b2)a
b̂2
1 a2).
Sine A and B are linear then there exist the faithful linear representations:
ρA : A −→ GLm(K), ρB : B −→ GLn(K).
We take the following funtions as oordinates on A and B:
t
(A)
ij (a) = (ρA(a))ij , a ∈ A, 1 ≤ i, j ≤ m, t
(B)
ij (b) = (ρB(b))ij , b ∈ B, 1 ≤ i, j ≤ m.
It is evident that the set of funtions
{T
(A)
ij | 1 ≤ i, j ≤ m}
⋃
{T
(B)
ij | 1 ≤ i, j ≤ n},
where
T
(A)
ij ((b, a)) = t
(A)
ij (a), T
(B)
ij ((b, a)) = t
(B)
ij (b),
are oordinates on G.
Let us show that these oordinates T
(A)
ij , T
(B)
ij are splittable. For this we alulate
T
(A)
ij (g1g2) = t
(A)
ij (f(b1, b2)a
b̂2
1 a2) =
∑
k,l
t
(A)
ik (f(b1, b2))t
(A)
kl (a
b̂2
1 )t
(A)
lj (a2).
Sine the maps
(x, y) 7→ f(x, y), (a, x) 7→ axˆ
are splittable then
t
(A)
ik (f(b1, b2)) =
∑
ν
ϕνik(b1)ψνik(b2), t
(A)
kl (a
b̂2
1 ) =
∑
µ
ϕµkl(a1)ψµkl(b2).
Therefore, ∑
k,l
t
(A)
ik (f(b1, b2))t
(A)
kl (a
b̂2
1 )t
(A)
lj (a2) =
=
∑
k,l
(
∑
ν
ϕνik(b1)ψνik(b2))(
∑
µ
ϕµkl(a1)ψµkl(b2))t
(A)
lj (a2) =
=
∑
k,l,µ,ν
(ϕνik(b1)ϕµkl(b1))(ψνik(b2)ψµkl(b2)t
(A)
lj (a2)).
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Let
Φα(g1) = ϕνik(b1)ϕµkl(b1), Ψαj(g2) = ψνik(b2)ψµkl(b2)t
(A)
lj (a2), α = (i, k, l, µ, ν).
then we have
T
(A)
ij (g1g2) =
∑
α
Φα(g1)Ψαj(g2).
The set of funtions {Ψαj} is finite sine the indexes i, j, k, l, µ, ν may take only finite
number of values. This implies that the oordinates T
(A)
ij are splittable.
For the funtions T
(B)
ij we have
T
(B)
ij (g1g2) = t
(B)
ij (b1b2) =
∑
k
t
(B)
ik (b1)t
(B)
kj (b2) =
∑
k
T
(B)
ik (g1)T
(B)
kj (g2).
Therefore the oordinates T
(A)
ij , T
(B)
ij are splittable and linearity of G follows from Lem-
ma 1.
Now let us prove the following theorem
Theorem 1. Let K be a field of arbitrary harateristi, Φ ≤ GLm(K), G ≤
GLn(K). If for every ϕ ∈ Φ there is gϕ ∈ GLn(K) suh that ϕ
−1gϕ = g−1ϕ ggϕ for
all g ∈ G then the group Φ ⋋ G has faithful linear representation by matries of size
≤ m2 + n4 over the field K.
Proof. For every element from Φ ⋋ G there is only one pair (ϕ, g), ϕ ∈ Φ, g ∈ G
whih represents this element. Then on the group Φ⋋G we an define the oordinate
funtions T
(1)
ij , 1 ≤ i, j ≤ n
2, T (2)pq , 1 ≤ p, q ≤ n, by setting
T
(1)
ij (ϕ, g) = t
(1)
ij (ϕ), T
(2)
pq (ϕ, g) = t
(2)
pq (g),
where t
(1)
ij , t
(2)
pq are the omponents of faithful linear representations of Φ and GLn(K)
orrespondingly, i. e. the oordinate funtions on Φ and on GLn(K).
For every automorphism ϕ ∈ Φ we take element gϕ ∈ GLn(K) suh that g
ϕ =
g−1ϕ ggϕ for all g ∈ G. We define this funtion by τ : ϕ 7−→ gϕ. Sine (ϕ1, g1)(ϕ2, g2) =
(ϕ1ϕ2, g
ϕ2
1 g2) then
T
(1)
ij ((ϕ1, g1)(ϕ2, g2)) = T
(1)
ij (ϕ1ϕ2, g
ϕ2
1 g2) = t
(1)
ij (ϕ1ϕ2) =
n2∑
k=1
t
(1)
ik (ϕ1)t
(1)
kj (ϕ2) =
=
n2∑
k=1
T
(1)
ik (ϕ1, g1)T
(1)
kj (ϕ2, g2),
T (2)pq ((ϕ1, g1)(ϕ2, g2)) = T
(2)
pq (ϕ1ϕ2, g
ϕ2
1 g2) = t
(2)
pq (g
ϕ2
1 g2) = t
(2)
pq (g
−1
ϕ2
g1gϕ2g2) =
=
n∑
k1,k2,k3=1
t
(2)
pk1
(g−1ϕ2 )t
(2)
k1k2
(g1)t
(2)
k2k3
(gϕ2)t
(2)
k3q
(g2) =
=
n∑
k1,k2,k3=1
t
(2)
k1k2
(g1)t
(2)
pk1
(g−1ϕ2 )t
(2)
k2k3
(gϕ2)t
(2)
k3q
(g2) =
5
=
n∑
k1,k2=1
t
(2)
k1k2
(g1)
 n∑
k3=1
t
(2)
pk1
(g−1ϕ2 )t
(2)
k2k3
(gϕ2)t
(2)
k3q
(g2)
 =
=
n∑
k1,k2=1
T
(2)
k1k2
(ϕ1, g1)Hpk1k2q(ϕ2, g2),
where
Hpk1k2q(ϕ2, g2) =
n∑
k3=1
t
(2)
pk1
(g−1ϕ2 )t
(2)
k2k3
(gϕ2)t
(2)
k3q
(g2).
Sine the set of funtions {T
(1)
ij , Hpk1k2q} is finite and it has m
2 + n4 funtions then by
Lemma 1 the group Φ⋋G has a faithful linear representation by the matries of size
≤ m2 + n4 over the field K. This ompletes the proof.
From this theorem easily follows
Corollary 1. Let K be a field of arbitrary harateristi and G ≤ GLn(K). Then
the group Int(G)G embeds in GL2n4(K).
Corollary 2. The holomorph Hol(Bn) of the braid group Bn, n ≥ 2, has a faithful
linear representation over a field of harateristi zero.
Proof. As was proved in [16℄ |Aut(Bn) : Int(Bn)| = 2. Hene, |Hol(Bn) : Int(Bn)Bn| =
2. Sine the braid group Bn has a faithful linear representation over a field of har-
ateristi zero (see [17℄, [18℄) then by Corollary 1, the group Int(Bn)Bn also has a
faithful linear representation over the same field. Sine Hol(Bn) is a finite extension of
Int(Bn)Bn then the required statement follows.
Corollary 3. The holomorph Hol(F2) of free group F2 has a faithful linear repre-
sentation over a field of harateristi zero.
Proof. Sine the enter of F2 is trivial there is a isomorphism of Hol(F2) in the
diret prodution Aut(F2)×Aut(F2). To see it we map Aut(F2) to diagonal subgroup
of this prodution and F2 to subgroup 1 × Int(F2). Sine in Aut(F2) the following
formulas ϕ−1ĝϕ = ĝϕ, where ϕ ∈ Aut(F2), ĝ ∈ Int(F2), g ∈ F2, g
ϕ
is the image of g
under the ation ϕ, are true then the images of F2 and Aut(F2) in Aut(F2)×Aut(F2)
generate a subgroup whih is isomorphi to Hol(F2).
Sine Aut(F2) is linear over a field of harateristi zero (see [20℄, [21℄) then the
required assertion follows.
 2. On linearity of some HNNextensions of free group
In this Setion we onsider HNNextensions
Fϕ(X) = 〈X, t || t
−1xt = ϕ(x), x ∈ X〉
of a free group F (X) by an automorphism ϕ ∈ Aut(F (X)). We will prove that if
the automorphism ϕ is virtually inner then Fϕ(X) is linear. Note that the onjugay
problem for suh groups Fϕ(X) was solved in [13℄.
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The following property holds.
Theorem 2. Let F (X) be a free group with the a of free generators X, let ϕ ∈
Aut F (X) be suh that ϕn ∈ Int F (X) for some positive integer n. If σ : F (X) −→
GLm(P ) is a faithful linear representation of F (X) by matries over a field P then the
representation τ of Fϕ(X) defining on generators by the following manner:
tτ =

0 Em 0 · · · 0 0
0 0 Em · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 Em
sfσ 0 0 · · · 0 0

,
xτ =

xσ 0 · · · 0 0
0 (ϕ−1(x))σ · · · 0 0
.
.
.
0 0 · · · (ϕ−n+2(x))σ 0
0 0 · · · 0 (ϕ−n+1(x))σ
 ,
where f ∈ F (X) is suh that ϕn(x) = f−1xf , x ∈ X, and s ∈ P ∗ is an arbitrary
element of infinite oder, 0 and Em are nullity and unity matries by m×m and t
τ
and
xτ are matries by mn×mn is a faithful linear representation.
Proof. Let
Fϕn(X) = 〈F (X), t
n〉 ≤ Fϕ(X).
It is obvious that |Fϕ(X) : Fϕn(X)| = n, and Fϕn(X) is isomorphi to Z × F (X). Let
us define the representation
σ : Fϕn(X) −→ 〈sEm, F
σ(X)〉 ≤ GLm(K),
where (tn)σ = sfσ, xσ = xσ, x ∈ X and s ∈ P ∗ is an element of infinite order.
The representation τ of Fϕ(X) will onstrut with the known manner from the
representation σ of subgroup of finite index Fϕn(X) (see [1℄, [19, p. 164℄).
If {1, t, t2, . . . , tn−1} is the set of right oset representatives of Fϕ(X) by subgroup
Fϕn(X) then for g ∈ Fϕ(X) the image g
τ
is the matrix of degree mn whih onsists of
bloks of degree m. The blok on position (i, j) is equal to (ti−1gt1−j)σ if ti−1gt1−j ∈
Fϕn(X) and equal to a null matrix in the opposite ase.
In the matrix tτ the non-null bloks are the only bloks on the positions (i, i+ 1),
i = 1, 2, . . . , n− 1. The idential matrix Em stands on these positions. On the position
(n, 1) stands the blok (tn)σ = sfσ. For x ∈ X in the matrix xτ the non-null bloks are
the only diagonal-bloks and the blok on the position (i, i) is equal to (ti−1xt1−i)σ =
(ϕ−i+1(x))σ. This ompletes the proof.
The following proposition gives the enter of Fϕ(X).
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Proposition 1. Let
Fϕ(X) = 〈X, t || t
−1xt = ϕ(x), x ∈ X〉
be an extension of a free group F (X) by a virtually inner automorphism ϕ ∈ Aut(F (X)).
Then the enter Z(Fϕ(X)) of Fϕ(X) is the infinite yli group whih generated by
tnw0, where n is a minimal natural number for whih ϕ
n ∈ Int(F (X)), and w0 is
defined from the equality ϕn(x) = w0xw
−1
0 , x ∈ X .
Proof. It is evident that tnw0 ∈ Z(Fϕn(X)) and (t
nw0)
k = tnkwk0 . Let h ∈
Z(Fϕ(X)). As element from Fϕ(X) it an be presented in the form t
lf , where l ∈ Z,
f ∈ F (X). Sine h ommutes with every g ∈ Fϕ(X) then h
−1gh = f−1t−lgtlf = g or
t−lgtl = fgf−1. Dividing l with residue on n we get l = nk+r, 0 ≤ r < n. Then t−lgtl =
t−nkt−rgtrtnk = fgf−1 or t−rgtr = tnkfgf−1t−nk = tnkwk0w
−k
0 fgf
−1wk0w
−k
0 t
−nk =
w−k0 fgf
−1wk0 . Therefore r = 0 and w
−k
0 f ∈ Z(F (X)). So t
lf = tnkwk0 = (t
nw0)
k ∈
〈tnw0〉. The proposition is proven.
 3. 2-generated Artin groups
In [22℄ there was formulated the question on linearity of Artin groups. In this Setion
we will onsider 2-generated Artin groups A(m) whih have the following geneti ode
A(m) = 〈x, y ||wm(x, y) = wm(y, x)〉,
where m ≥ 3 and
wm(u, v) =
{
(uv)n, if m = 2n,
(uv)n u, if m = 2n+ 1.
As it was proved in [13℄ eah 2-generated Artin group A(m) is an extension of a
free group of finite rank by some virtually inner automorphism. We will use this result
and the results of previous Setion to onstrut some linear representations of A(m)
over field of arbitrary harateristi. In partiular, we will onstrut the representation
over a ring Qp for every prime p, where Qp = {
x
pn
| x ∈ Z, n ∈ N
⋃
{0}}. Note, that
Squier [14℄ onstruted a faithful linear representation of dimension 2 for the group
A(m) over some extension of Q whih has transendental elements.
Let σ = σ(λ, µ) : Fn −→ GL2(Z[λ, µ]), λ, µ ∈ C be the two-parameter represen-
tation of a free group Fn in group of matries GL2(Z[λ, µ]), whih is defined on the
generators by the rule
xσ0 7−→
(
1 0
λ 1
)
,
xσi −→
(
1 µ
0 1
)−i (
1 0
λ 1
)(
1 µ
0 1
)i
, i = 1, 2, . . . , n− 1.
It is evident, that this representation is faithful if the group generated by the matries(
1 0
λ 1
)
,
(
1 µ
0 1
)
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is isomorphi to the free group F2.
Proposition 2. Let A(2n), n ≥ 2, be the 2-generated Artin group. Then the rep-
resentation
ρ : A(2n) −→ GL2n(Z[λ, µ, s
±1]), λ, µ ∈ C, s ∈ C∗,
whih is defined on the generators by the rule
xρ = diag
((
1 0
λ 1
)
, . . . ,
(
1 0
λ 1
))
, yρ =

0 A 0 · · · 0 0
0 0 A · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 A
B 0 0 · · · 0 0

,
where
A =
(
1 −µ
0 1
)
, B = s
(
1 0
−λ 1
)(
1− λµ µ
−λ 1
)n−1
is a linear representation of A(2n). In addition, if |λ| ≥ 2, |µ| ≥ 2 and s is not a root
of unity then this representation is faithful.
Proof. We have
A(2n) = 〈x0, x1, . . . , xn−1, t || t
−1xit = ϕ(xi), i = 0, 1, . . . , n− 1〉,
where the automorphism ϕ is defined by the rule
ϕ(x0) = x0x1 . . . xn−2xn−1x
−1
n−2 . . . x
−1
1 x
−1
0 , ϕ(xi) = xi−1, i = 1, . . . , n− 1.
In this ase ϕn(xi) = ∆xi∆
−1
, ϕ(∆) = ∆, where ∆ = x0x1 . . . xn−1 and x0, t are
orresponding to anonial generators of Artin group, i. e.
A(2n) = 〈x0, t || (x0t)
n = (tx0)
n〉,
(see [13℄).
By Theorem 2 the followingmatries are orresponding to generators x0, x1, . . . , xn−1, t:
xτ0 = diag(x
σ
0 , (ϕ
−1(x0))
σ, . . . , (ϕ−n+1(x0))
σ),
.
.
.
xτn−1 = diag(x
σ
n−1, (ϕ
−1(xn−1))
σ, . . . , (ϕ−n+1(xn−1))
σ),
tτ =

0 E2 0 · · · 0 0
0 0 E2 · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 E2
s(∆−1)σ 0 0 · · · 0 0

,
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where all matries have degree 2n, and s ∈ C∗ is not a root of unity.
If we onjugate tτ and xτ0 by the matrix
u = diag
E2,
(
1 −µ
0 1
)
, . . . ,
(
1 −µ
0 1
)n−1 ,
then we get orrespondingly
u−1tτu =

0 A 0 · · · 0 0
0 0 A · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 A
B 0 0 · · · 0 0

, u−1xτ0u = diag
((
1 0
λ 1
)
, . . . ,
(
1 0
λ 1
))
,
where
A =
(
1 −µ
0 1
)
, B = s
(
1 0
−λ 1
)(
1− λµ µ
−λ 1
)n−1
.
Let us define a representation ρ taking xρ = u−1xτ0u, y
ρ = u−1tτu. The elements x = x0
and y = t are anonial generators of Artin group A(2n). If in the representation
σ = σ(λ, µ) we take |λ| ≥ 2, |µ| ≥ 2, and s is a non-zero omplex number not equal to
a root of unity, then ρ is faithful representation. If we take λ = µ = 2, s = p is a prime
number then we get a faithful representation of A(2n), n ≥ 2 by matries of degree 2n
over the ring Qp. This ompletes the proof.
In the ase when m = 2n + 1, n ≥ 1 is odd number, the 2-generated Artin group
A(m) is isomorphi to
F2n+1(ψ) = 〈x0, x1, . . . , x2n−1, t || t
−1xit = ψ(xi), i = 0, 1, . . . , 2n− 1〉,
where the automorphism ψ is given by
ψ(x0) = x0x2 . . . x2n−4x2n−2x
−1
2n−1 . . . x
−1
3 x
−1
1 , ψ(xi) = xi−1, i = 1, . . . , 2n− 1.
In this ase ψ2(2n+1)(xi) = ΣxiΣ
−1
, where
Σ = x0x2 . . . x2n−2(x0x1 . . . x2n−1)
−1x1x3 . . . x2n−1, ψ(Σ) = Σ
(see [13℄). Note that the inverse automorphism ψ−1 is given by
ψ−i(x0) = xi, i = 1, 2, . . . , 2n− 1,
ψ−i(x0) = Σ
−1ψ4n+2−i(x0)Σ, i = 2n, 2n+ 1, . . . , 4n+ 1.
The anonial generators of A(2n+ 1) are x = t and y = x0t, i. e.
A(2n+ 1) = 〈t, x0t || (tx0t)
nt = (x0t
2)nx0t〉.
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Proposition 3. Let A(2n + 1), n ≥ 1 be the 2-generated Artin group with odd
number of generators. Then the map
ρ : A(2n + 1) −→ GL4(2n+1)(Z[λ, µ, s
±1]), λ, µ ∈ C, s ∈ C∗,
whih is defined on the generators
xρ =

0 E2 0 · · · 0 0
0 0 E2 · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 E2
s(Σ−1)σ 0 0 · · · 0 0

,
yρ =

0 xσ0 0 · · · 0 0
0 0 (ψ−1(x0))
σ · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 (ψ−4n(x0))
σ
s (Σ−1ψ(x0))
σ
0 0 · · · 0 0

,
where σ = σ(λ, µ) is the representation of a free 2-generated group, is the linear
representation of A(2n + 1). In this ase, if |λ| ≥ 2, |µ| ≥ 2 and s is not a root of
unity then this representation is faithful.
Proof. By Theorem 2 we get for elements x0, x1, . . . , x2n−1, t the following matries
xτ0 = diag(x
σ
0 , (ψ
−1(x0))
σ, . . . , (ψ−(4n+1)(x0))
σ),
.
.
.
xτ2n−1 = diag(x
σ
2n−1, (ψ
−1(x2n−1))
σ, . . . , (ψ−(4n+1)(x2n−1))
σ),
tτ =

0 E2 0 · · · 0 0
0 0 E2 · · · 0 0
.
.
.
.
.
.
0 0 0 · · · 0 E2
s(Σ−1)σ 0 0 · · · 0 0

,
where all matries have degree 4n + 2, and s ∈ C∗ is not a root of unity. The map
x 7−→ tτ , y 7−→ xτ0t
τ
define of desired representation.
In view of Theorem 2, if the representation σ is faithful then τ is the faithful
representation of F2n+1(ψ). In this ase, the matries t
τ
, xτ0t
τ
are anonial generators
of A(2n+ 1). This ompletes the proof.
Note, that for λ = µ = 2 and s = p is a prime number, we get a representation of
A(2n+ 1) by matries of degree 4n+ 2 over the ring Qp.
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Sine 2-generated Artin group A(m) is a split extension of a free group of finite
rank by a virtually inner automorphism, then using of Lemma 4 we find the enter of
A(m).
Corollary. The enter of 2-generated Artin group A(m) is infinite yli group.
In this ase
a) if m = 2n then the enter Z(A(m)) is generated by (xy)n,
b) if m = 2n+ 1 then the enter Z(A(m)) is generated by ((xy)nx)2.
Proof. a) We have the isomorphism
A(2n) ≃ 〈x0, x1, . . . , xn−1, t || t
−1xit = ϕ(xi), i = 0, 1, . . . , n− 1〉
and ϕn(xi) = ∆xi∆
−1,∆ = x0x1 . . . xn−1, ϕ(∆) = ∆. From the definition of ϕ it follows
that n is the least positive power for whih the automorphism ϕn is inner. Sine for
this isomorphism to t ∈ Fϕ(X) orresponds the element y ∈ A(2n), and to x0 ∈ Fϕ(X)
orresponds the element x ∈ A(2n) then to (x0t)
n
orresponds the element (xy)n. To
use Proposition 1 we note that
(x0t)
n = x0x1 . . . xn−1t
n = ∆tn = tn∆.
b) We have the isomorphism
A(2n+ 1) ≃ 〈x0, x1, . . . , x2n−1, t || t
−1xit = ψ(xi), i = 0, 1, . . . , 2n− 1〉
and ψ2(2n+1)(xi) = ΣxiΣ
−1, Σ = x0x2 . . . x2n−2(x0x1 . . . x2n−1)
−1x1x3 . . . x2n−1, ψΣ = Σ.
Sine the elements t = x and x0t = y are anonial generators of A(2n+1) then element
(tx0t)
ntmaps to (xy)nx. Further, sine ((tx0t)
nt)2 = t4n+2Σ and 4n+2 is a least positive
power in whih the automorphism ψ is inner then from proposition 1 follows desired
statement.
Note that the enter of Artin groups was found in the paper of E. Briskorn and
K. Saito [23℄.
We will onstrut a series of representations for A(3). This group is isomorphi to
the braid group on 3 strings B3.
Using Lemma 3 we take
X0 =
(
1 0
λ 1
)
, X1 =
(
1 µ
0 1
)
, λ, µ ∈ C.
Then the following matries
T =

0 E2 0 0 0 0
0 0 E2 0 0 0
0 0 0 E2 0 0
0 0 0 0 E2 0
0 0 0 0 0 E2
sΣ−1 0 0 0 0 0

,
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DT, where D = diag(X0, X1, ψ
−2(X0), ψ
−3(X0), ψ
−4(X0), ψ
−5(X0)) orrespond to gen-
erators. If we onjugate these matries by the matrix
U = diag(E2, E2,Σ
−1,Σ−1,Σ−1,Σ−1),
then we get
U−1TU =

0 E2 0 0 0 0
0 0 Σ−1 0 0 0
0 0 0 E2 0 0
0 0 0 0 E2 0
0 0 0 0 0 E2
sE2 0 0 0 0 0

,
U−1DTU =

0 X0 0 0 0 0
0 0 X1Σ
−1
0 0 0
0 0 0 ψ4(X0) 0 0
0 0 0 0 ψ3(X0) 0
0 0 0 0 0 ψ2(X0)
sψ(X0) 0 0 0 0 0

,
We take these matries as anonial generators X and Y of A(3). It is easily show that
the following relation is true: XYX = Y XY .
This representation will be faithful if the group generated by X0 and X1 is isomor-
phi to the free group F2. Using diret alulations we find the matries
Σ−1 =
(
1− λµ+ λ2µ2 −λµ2
−λ2µ 1 + λµ
)
, ψ(X0) =
(
1 −µ
λ 1− λµ
)
,
ψ2(X0) =
(
1 + λµ −µ
λ2µ 1− λµ
)
, ψ3(X0) =
(
1 + λµ− λ2µ2 λµ2
−λ(1− λµ)2 1− λµ+ λ2µ2
)
,
ψ4(X0) =
(
1− 2λ2µ2 µ(1 + 2λµ)
λ(1 + λµ− 2λ2µ2) 1− λµ+ 2λ2µ2
)
,
where s ∈ C∗ and is not a root of unity.
If in Theorem 2 for σ we take the representation
(tn)σ =
(
T (s) 0
0 fσ
)
, xσ =
(
E2 0
0 xσ
)
, T (s) =
(
1 s
0 1
)
,
where σ : F (X) −→ SL2(Z), s ∈ Z \ {0} then we get the representation of Fϕ(X) in
SL4n(Z). In partiular, for the braid group B3 whih isomorphi to A(3) we an take
λ = µ = 2, s ∈ Z \ {0} and get the representation σ (see Proposition 3) whih is
faithful representation by integer valued matries of dimension 24.
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